Abstract. The transport coefficients induced by the Anderson-Witting approximation of the collision term in the relativistic Boltzmann equation are derived for close to equilibrium flows in general relativity. Using the tetrad formalism, it is shown that the expression for these coefficients is the same as that obtained on flat space-time, in agreement with the generalized equivalence principle.
INTRODUCTION
Relativistic hydrodynamics constitutes a relatively new area of research, being fundamental for the understanding of fluid flows in extreme conditions, either when the typical velocities involved approach the speed of light, or when the space-time curvature becomes significant [1] . Applications from the first category include the quark-gluon plasma [2] , while from the second category, we mention astrophysical phenomena such as stellar collapse [3] , accretion problems [4] or cosmology [5] .
In many problems of astrophysical importance where the flow is sufficiently rarefied that the hydrodynamic (continuum) approximation cannot be applied, a kinetic theory description is required [6] . Such an approach has the advantage that the set of hydrodynamic conservation equations, which is highly non-linear in the viscous regime, emerges from the relativistic Boltzmann equation, where the advection is performed in a simple manner. In particular, for flows not far from equilibrium, the hydrodynamic limit of the Boltzmann equation can be obtained through the Chapman-Enskog expansion [7] .
In this paper, we employ the Chapman-Enskog procedure to derive expressions for the transport coefficients when the Anderson-Witting approximation for the collision term in the relativistic Boltzmann equation is employed. We consider relativistic flows on an arbitrary background space-time, thus extending the results in Refs. [7, 8] , obtained for the Minkowski space-time. In our analysis, we highlight a procedure for obtaining expressions for the non-equilibrium contributions to the stress-energy tensor (SET), involving the computation of a special type of moments of the equilibrium distribution function, which we summarise in the appendix. The conclusion of our study is that the expressions for the transport coefficients is identical to those obtained on the flat Minkowski space-time in Refs. [7, 8] . We also present a comparison with the results reported in Refs. [7, 9] for the Marle model.
ECKART AND LANDAU FRAMES
In the Eckart frame [10] , the macroscopic velocity u µ is defined to be parallel to the particle flow four-vector N µ , such that:
such that u µ = N µ / −N µ N µ . In the above, g µν is the space-time metric, ∆ µν = u µ u ν + g µν is the projector on the hypersurface perpendicular to u µ , n is the macroscopic number density, E is the energy density, P is the hydrostatic pressure, while the dynamic pressure ω, heat flux q µ and pressure deviator π µν comprise the non-equilibrium terms. Once the SET and u µ are known, all other quantities can be obtained using:
where the notation A <µν> refers to:
In the Landau (energy) frame [11] , the four-velocity is defined as an eigenvector of T µν :
where the subscript L indicates that the velocity and the energy density are expressed with respect to the Landau frame. Since ∆ µ L;ν u L;λ T νλ = 0, it can be seen that in this frame, the heat flux (or energy dissipation) is everywhere nil, such that N µ and T µν take the following form:
Thus, in the Landau frame, N µ and u µ L are no longer parallel. Close to local thermodynamic equilibrium, the quantity J µ L can be linked to the heat flux of the Eckart frame via [1] :
If the fluid is in local thermodynamic equilibrium, the Landau and Eckart frame coincide. For small departures from equilibrium, the nonequilibrium quantities ω, q µ and π µν can be written in terms of the thermodynamic forces [1, 7] :
which define the transport coefficients η, λ and µ, known as the coefficients of bulk viscosity, thermal conductivity and shear viscosity, respectively [7] .
BOLTZMANN EQUATION IN THE ANDERSON-WITTING APPROXIMATION
The Boltzmann equation can be written in conservative form with respect to a tetrad field e μ α as follows [9, 12] :
where hatted indices denote tetrad components, pα represent the tetrad components of the on-shell particle fourmomentum vector, f is the one-particle distribution function and J[ f ] represents the Boltzmann collision integral. The tetrad components of the hydrodynamic variables Nα and Tαβ can be obtained as moments of f [7] :
Due to the complicated nature of the collision integral, model equations for the collision term are customarily employed. Here, we consider the Anderson-Witting approximation [7, 8] :
where τ is the relaxation time. The equilibrium distribution function f (eq) L is defined in terms of quantities expressed with respect to the Landau frame:
In the above, m is the particle mass, ζ L ≡ m/T L is the relativistic coldness [1] , K n (ζ L ) denotes the modified Bessel functions of the third kind, P L = n L T L is the hydrostatic pressure and the Landau energy E L and Landau temperature
In Ref. [9] , the transport coefficients corresponding to the Marle collision term were analysed for flows in general relativity. In this paper, we extend the results of Ref. [9] by performing a similar analysis of the transport coefficients arising in the Anderson-Witting model.
CHAPMAN-ENSKOG EXPANSION
In order to perform the Chapman-Enskog expansion, we consider δ f ≡ f − f (eq) and τ to be small. Thus, the deviation δ f from equilibrium can be approximated by keeping only the zeroth order f = f (eq) on the left hand side in Eq. (8), such that:
In the above, the subscript L was dropped for quantities on the right hand side of the equation, since the Landau and the Eckart quantities coincide when f = f (eq) . We emphasize that the above equation is different from the one obtained in Ref. [8] , since it is written in conservative form, such that its moments can be easily obtained. Indeed, integrating the above equation over the momentum space gives:
, where Tα
where the covariant derivative arises naturally due to the conservative form of Eq. (12) . A comparison of the above equation with Eqs.(34) and (36) from Ref. [8] shows that, besides moments of type Tα
...α s n
with n = 1, the conservative approach also requires the computation of the moments with n = 2. We present an analysis of such moments relevant for the present work in the Appendix.
The coefficient of bulk viscosity η
Taking the trace of Eq. (5) shows that δTαα = 3ω L , since Tα eq;α = −E L + 3P L . Furthermore, the definition (13) and the properties (34) can be used to show that δTαα = −m 2 δT 0 . Setting n = 0 in Eq. (13) gives:
The divergence of Tγ 1 = T 0 11 uγ can be computed by substituting T 0 11 from Eq. (32):
where the notation D = uγ∇γ was used. In the Chapman-Enskog procedure, the derivatives D are replaced by making use of the conservation equations at the Euler level [1, 9] :
where the specific heat c v is given by:
In the above, G ≡ G(ζ) = K 3 (ζ)/K 2 (ζ). Using Eqs. (30) and Eq. (33) for Tγρ 2 , together with the property uρ∇γuρ = 0, it can be shown that substituting Eq. (15) into Eq. (14) allows η to be put in the following form:
where Ki 2 ≡ Ki 2 (ζ) is defined in the Appendix. It can be checked that the above result coincides with those obtained in Refs. [7, 8] on flat space-time by using the following relation:
Coefficient of thermal conductivity λ
In flows close to equilibrium, δNα = − n P+E qα, by virtue of Eqs. (5) and (6), since Nα eq = n L uα L . Setting n = 1 in Eq. (13) allows the heat flux to be written as:
where the second equality can be obtained by using the property ∆αβqβ= qα. The derivative of T 1 12 can be obtained from Eqs. (30) and (32):
Using Eq. (16) to replace Duα in the expression for qα in Eq. (7), as well as in Eq. (20), it can be shown that the thermal conductivity is given by:
This result is in agreement with the one reported in Refs. [7, 8] .
Coefficient of shear viscosity µ
Finally, µ can be obtained from the expression for παβ by using Eq. (7). By noting that δTαβ 0 = ω∆αβ + παβ, it can be shown that:
Using Eqs. (30) and (32) for Tαβγ 1 , the following result can be obtained:
By susbtituting the above result in Eq. (23) and using Eqs. (30) and (33) for Tαβˆγρ, παβ can be written as:
Using the expression (18) obtained for η, it can be shown that the coefficient of ∇γuγ vanishes, such that:
Employing Eq. (19) shows that Eq. (26) reduces to the result in Refs. [7, 8] .
Analysis of the results and comparison to the Marle model
In this section, the transport coefficients obtained here for the Anderson-Witting model are compared to those obtained using the Marle model when the relaxation time is set to [7, 9] :
where σ is the differential cross section and Γ(ν, z) is the incomplete Gamma function [13] . In order to perform the comparison, "effective" transport coefficients may be defined, such that they only depend on ζ = m/T [9] : The log-log plots in Fig. 1 
Fgure 1(d) shows a comparison between the two sides of the above equation.
CONCLUSION
In this paper, we employed the conservative form of the Boltzmann equation based on the tetrad formalism to obtain expressions for the transport coefficients corresponding to the Anderson-Witting model for reltivistic flows in general relativity. Our conclusion is that the form of these coefficients coincides with that obtained in flat space-time, in agreement with the equilvalence principle. Further, a graphical analysis showed that an appropriate scaling brings the coefficient of bulk viscosity η in the Anderson-Witting to a form which is very close to that in the Marle model.
